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Abstract
The standard MS renormalization prescription is inadequate for dealing
with multi-scale problems. To illustrate this we consider the computation
of the effective potential in the Higgs-Yukawa model. It is argued that it
is natural to employ a two-scale renormalization group. We give a modified
version of a two-scale scheme introduced by Einhorn and Jones. In such
schemes the beta functions necessarily contain potentially large logarithms of
the RG scale ratios. For credible perturbation theory one must implement
a large logarithms resummation on the beta functions themselves. We show
how the integrability condition for the two RG equations allows one to perform
this resummation.
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Introduction
Consider the effective potential in the four-dimensional Higgs-Yukawa model de-
fined by the Lagrangian
L =
1
2
(∂µφ)
2
−
1
2
m2φ2 −
λ
24
φ4 + ψ¯i∂/ψ + gψ¯φψ + Λ, (1)
where φ is a real scalar field and ψ = (ψ1, ..., ψN)
T are Dirac fields. Here Λ is a
“cosmological constant” term which enters non-trivially into the renormalization
group equation for the effective potential [1]. It is well known how to perform a
loopwise perturbative expansion of the effective potential [2], V (φ) = V tree(φ) +
h¯V 1-loop(φ) + h¯2V 2-loop(φ) + ... . Dimensional regularization together with (modified)
minimal subtraction gives
V tree(φ) =
λ
24
φ4 +
1
2
m2φ2 − Λ, (2)
V 1-loop(φ) =
(m2 + 1
2
λφ2)2
4(4π)2
[
log
m2 + 1
2
λφ2
µ2
−
3
2
]
−
Ng4φ4
(4π)2
[
log
g2φ2
µ2
−
3
2
]
.
We have a log
m2+
1
2
λφ2
µ2
due to the “Higgs” loop and a log g
2φ2
µ2
associated with the
fermionic contribution to the one-loop potential. The two-loop potential V 2-loop(φ)
is quadratic in these logarithms, and in general the n-loop potential is a nth order
polynomial in the two logarithms. Thus, for believable perturbation theory one must
not only have “small” couplings h¯λ, h¯g2, but the two logarithms must also be small.
As was explained a long time ago by Coleman and Weinberg (CW) [3] one must
make a (φ-dependent) choice of µ such that the logarithms are not too large. To
relate the renormalized parameters at different scales one uses the renormalization
group (RG). The CW procedure of RG “improving” the potential is equivalent to a
resummation of the large logarithms in the perturbation series.
However, it is not too difficult to see that if m2 + 1
2
λφ2 ≫ g2φ2 (the heavy
Higgs case) or g2φ2 ≫ m2 + 1
2
λφ2 (ie. heavy fermions) there is no choice of µ that
will simultaneously render both logarithms small [4]. Thus, we are only able to
implement the CW method when m2 + 1
2
λφ2 ∼ g2φ2, ie. when we have essentially
a one-scale problem. In our opinion, the natural way to deal with this problem
is to use a two-scale version of MS. A multi-scale version of MS was developed
by Einhorn and Jones [5] (EJ). An alternative multi-scale approach based on the
Callan-Symanzik equation has been outlined in refs. [6]. However, the EJ scheme
had two drawbacks. Firstly, although one has several RG scales they do not “track”
the relevant logarithms in an obvious way. Secondly, the beta functions contain
logarithms of the RG scale ratios which render the perturbative beta functions
useless when these ratios are large.
In this letter we present a simple modification of the EJ prescription where the
RG scales naturally track the scales which appear logarithmically in the effective
2
potential. As in the original EJ proposal one has potentially large logarithms in the
beta functions. We argue that to deal with these logarithms one must implement
a large logarithms resummation on the beta functions themselves. It is shown that
the integrability condition for the two RG’s allows one to perform this resummation.
The Einhorn-Jones Approach
Let us briefly recall the EJ multi-scale prescription. To motivate their idea con-
sider the bare Lagrangian for our Higgs-Yukawa problem written in terms of the
usual MS renormalized parameters.
LBare =
1
2
Zφ(∂µφ)
2
−
1
2
ZφZm2m
2φ2 −
1
24
µǫZ2φZλλφ
4
+Zψψ¯i∂/ψ + ZψZ
1
2
g2Zφ
1
2µ
1
2
ǫgψ¯φψ + Λ + µ−ǫ(ZΛ − 1)m
4λ−1, (3)
where ǫ = 4 − d is the dimensional continuation parameter, and all the Z. factors
have the form Z. = 1+ pole terms only. Notice that the MS RG scale µ enters eqn.
(3) in three places. The EJ idea was simply to replace the three occurrences of µ in
(3) with three independent RG scales κ1, κ2, κ3, so that
λB = κ
ǫ
1Zλλ, g
2
B = κ
ǫ
2Zg2g
2, ΛB = Λ+ κ
−ǫ
3 (ZΛ − 1)m
4λ−1,
m2B = Zm2m
2, φB = Z
1
2
φ φ, ψB = Z
1
2
ψ ψ.
(4)
As in standard MS the Z. factors are defined by the requirement that the effective
action is finite when written in terms of the renormalized parameters and the re-
striction that the Z. factors have the form Z. = 1 + pole terms only. Note that the
Z. factors will not be the same as the MS Z. factors (except where κ1 = κ2 = κ3).
In the EJ scheme the Z.’s contain logarithms of the RG scale ratios.
We now have three separate RG equations associated with the independent vari-
ations of the three RG scales. We also have three sets of beta functions
iβλ = κi
d
dκi
λ; i = 1, 2, 3 (5)
and similarly for the other parameters. It is straightforward to compute the one-
loop RG functions in the EJ scheme. For example, the one-loop beta functions for
the two couplings are
2β
1-loop
g2 =
(4N + 6)h¯g4
(4π)2
, 1β
1-loop
g2 = 3β
1-loop
g2 = 0,
1β
1-loop
λ =
h¯
(4π)2
(3λ2 + 48Ng4), 2β
1-loop
λ =
h¯
(4π)2
(8Nλg2 − 96Ng4), 3β
1-loop
λ = 0.(6)
However, if one were to compute the two-loop beta functions, one would find terms
proportional to log κ1
κ2
, and in general the n-loop RG functions contain logn−1 κ1
κ2
3
terms (as well as lower powers of the logarithm). Therefore, unlike in standard MS
we cannot trust the perturbative RG functions.
In the EJ scheme the one-loop potential is
V 1-loop =
(m2 + 1
2
λφ2)2
4(4π)2
(
log
m2 + 1
2
λφ2
κ21
−
3
2
)
−
Ng4φ4
(4π)2
(
log
g2φ2
κ22
+ log
κ21
κ22
−
3
2
)
+
m4
2(4π)2
log
κ1
κ3
(7)
whereas what we want is a two-scale scheme where the one-loop potential is
V 1-loop =
(m2 + 1
2
λφ2)2
4(4π)2
(
log
m2 + 1
2
λφ2
κ21
−
3
2
)
−
Ng4φ4
(4π)2
(
log
g2φ2
κ22
−
3
2
)
. (8)
Attaching RG scales to the kinetic terms
The reason for this mismatch is that in the EJ scheme the RG scales are attached
to the coupling constant terms in the Lagrangian, but the arguments of the loga-
rithms in the effective potential are associated with the kinetic part of the action.
However, there is no reason why independent RG scales should not be “attached”
to the kinetic terms. That is, instead of (3) we propose to start with
LBare =
1
2
κ1
−
1
2
ǫZφ(∂µφ)
2
−
1
2
ZφZm2m
2φ2 −
ZλZφ
2
24
λφ4
+κ2
−
1
4
ǫZψψ¯i∂/ψ + Z
1
2
g2ZψZ
1
2
φ gψ¯φψ + Λ + (ZΛ − 1)m
4λ−1. (9)
As before we insist that the renormalized couplings λ and g are dimensionless.
However, by altering the dimensions of the renormalized dimensionful objects m2,
φ and ψ we can reshuffle the RG scales into the kinetic terms only. Again we require
that the Z. factors are of the form Z. = 1 + pole terms only.
From (9) one can read off the relation between the bare and renormalized param-
eters
λB = κ1
ǫZλλ, g
2
B = κ1
1
2
ǫκ2
1
2
ǫZg2g
2, m2B = κ
1
2
ǫ
1 Zm2m
2,
φB = κ1
−
1
4
ǫZ
1
2
φ φ, ψB = κ2
−
1
8
ǫZ
1
2
ψ ψ, ΛB = Λ + (ZΛ − 1)m
4λ−1. (10)
In this “modified” EJ approach the one-loop effective potential is indeed given by
(8). It is straightforward to obtain the beta functions in terms of the Z. factors. As
in standard MS one only needs the simple pole terms in the Z.’s
1βλ = −ǫλ + λ(λ∂λ +
1
2
g2∂g2)zλ 1βg2 = −
1
2
ǫg2 + g2(λ∂λ +
1
2
g2∂g2)zg2
2βλ =
1
2
λg2∂g2zλ 2βg2 = −
1
2
ǫg2 + 1
2
g4∂g2zg2 ,
1βm2 = −
1
2
ǫm2 +m2(λ∂λ +
1
2
g2∂g2)zm2 1βΛ = λ
−1m4
(
λ∂λ +
1
2
g2∂g2
)
zΛ
2βm2 =
1
2
m2g2∂g2zm2 2βΛ =
1
2
λ−1m4g2∂g2zΛ
1βφ =
1
4
ǫ+ 1
2
(λ∂λ +
1
2
g2∂g2)zφ 1βψ =
1
2
(λ∂λ +
1
2
g2∂g2)zψ
2βφ =
1
4
g2∂g2zφ 2βψ =
1
8
ǫ+ 1
4
g2∂g2zψ.
(11)
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Here z. denotes the coefficient of 1/ǫ in Z.. To compute the one-loop beta functions
one needs the one-loop contribution to the z.’s which are identical to the MS z.’s.
However, at higher loops the z.’s (and hence the beta-functions) contain logarithms
of the RG scale ratios. When these logarithms are large the one-loop multi-scale RG
functions cannot be trusted. To get reliable approximations to the beta functions we
must implement a large logarithms resummation on the beta functions themselves.
Integrability of the two RG equations
The effective potential satisfies two RG equations associated with the independent
variations of the two RG scales
DiV = 0; i = 1, 2, (12)
where
Di = κi
∂
∂κi
+ iβg2
∂
∂g2
+ iβλ
∂
∂λ
+ iβm2
∂
∂m2
+ iβΛ
∂
∂Λ
+ iβφφ
∂
∂φ
. (13)
The integrability condition for these two equations is simply
[D1,D2] = 0, (14)
ie. independent variations of the two RG scales commute. Recently, it has been
argued that in any multi-scale scheme the integrability condition imposes a strong
constraint on the form of the multi-scale RG functions [7]. Here we show that for EJ
type schemes this constraint is strong enough to implement a large logs resummation
on the beta functions.
If we now insert the expressions for the multi-scale beta functions in terms of
the z.’s into the integrability condition (14) we obtain a set of (non-linear) partial
differential equations for the z.’s.
0 = (4π)−2h¯∂t
(
g2∂g2 + λ∂λ
)
zλ +
1
2
λ2g2(∂λzλ)∂g2∂λzλ −
1
2
λg2(∂g2zλ)∂λzλ
−
1
2
g2λ2(∂g2zλ)∂λ
2zλ +
1
2
g2λ(∂λzg2)∂g2zλ +
1
2
g4λ(∂λzg2)∂g2
2zλ
−
1
2
g4λ(∂g2zg2)∂λ∂g2zλ,
0 = (4π)−2h¯∂t
(
g2∂g2 + λ∂λ
)
zg2 +
1
2
λg2(∂λzg2)∂g2zg2 +
1
2
λg4(∂λzg2)∂
2
g2zg2
−
1
2
λg4(∂g2zg2)∂λ∂g2zg2 +
1
2
λ2g2(∂λzλ)∂λ∂g2zg2 −
1
2
λg2(∂g2zλ)∂λzg2 (15)
−
1
2
λ2g2(∂g2zλ)∂
2
λzg2 ,
0 = (4π)−2h¯∂t
(
g2∂g2 + λ∂λ
)
zm2 +
1
2
λ2g2(∂λzλ)∂g2zm2 −
1
2
g2(∂g2zλ)∂λzm2
−
1
2
λg2(∂λzλ)∂
2
λzm2 +
1
2
λg2(∂λzg2)∂g2zm2 +
1
2
λg4(∂λzg2)∂
2
g2zm2
−
1
2
λg4(∂g2zg2)∂λ∂g2zm2 ,
where (4π)2t = h¯ log(κ1/κ2). One can obtain similar equations for zφ, zΛ and zψ.
These equations which are exact to all orders in perturbation theory, together with
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the boundary conditions that z. collapses to the MS result at κ1 = κ2, fully determine
all the logarithmic terms in the z.’s (and hence the beta functions). To sum the
leading logarithms (LL) in the z.’s we must solve equations (15) using the one-loop
MS z.’s as boundary conditions at t = 0 (ie. κ1 = κ2)
(4π)2z1-loopλ = h¯(3λ+ 8Ng
2 − 48Ng4λ−1), (4π)2z1-loopg2 = (4N + 6)h¯g
2,
(4π)2z1-loopm2 = h¯m
2 (λ+ 4Ng2) , (4π)2z1-loopΛ =
1
2
h¯λm4,
(4π)2z1-loopφ = −2Nh¯g
2, (4π)2z1-loopψ = h¯g
2
(16)
In general we do not know how to solve equations of the type (15). However, for
the LL calculation the following ansatz is applicable
(4π)2zLLλ = h¯[λa(s) + g
2b(s) + g4λ−1c(s)], (17)
where s = g2t = h¯g2(4π)−2 log(κ1/κ2), and z
LL
g2 , z
LL
φ , z
LL
ψ are identical to the one-loop
results (16) (ie. the RG functions for g2, φ and ψ contain no leading logarithms).
The functions a(s), b(s), c(s) satisfy the following (coupled) ordinary differential
equations
sa′′(s) + 2a′(s) = 1
2
a(s)(b(s) + sb′(s)) + (2N + 3)sa′(s),
sb′′(s) + 2b′(s) = sa′(s)c(s) + (2c(s) + sc′(s))a(s),
sc′′(s) + 2c′(s) = 1
2
c(s)(b(s) + sb′(s))− (2N + 3)(2c(s) + sc′(s)), (18)
where ′ = d/ds, and the initial values are a(0) = 3, b(0) = 8N , c(0) = −48N . The
corresponding RG functions are
(4π)21β
LL
g2 = (2N + 3)h¯g
4, (4π)21β
LL
φ = −Nh¯g
2, (4π)21β
LL
ψ =
1
2
h¯g2,
(4π)22β
LL
g2 = (2N + 3)h¯g
4, (4π)22β
LL
φ = −Nh¯g
2, (4π)22β
LL
ψ =
1
2
h¯g2,
(4π)21β
LL
λ = h¯λ
2(a(s) + 1
2
sa′(s)) + 1
2
h¯λg2(b(s) + sb′(s)) + 1
2
h¯g4sc′(s),
(4π)22β
LL
λ =
1
2
h¯λ2sa′(s) + 1
2
h¯λg2(b(s) + sb′(s)) + 1
2
h¯g4(2c(s) + sc′(s)).
(19)
We have seen that zLLg2 , z
LL
φ , and z
LL
ψ are trivial, while z
LL
λ has the form (17).
However, the problem of computing zLLm2 and z
LL
Λ is more tricky. They satisfy the
following partial differential equations
0 = g2 (s∂2s + 2∂s) z
LL
m2 +
1
2
g2 (λ2a(s)− g4c(s)) ∂λ∂g2z
LL
m2 − (2N + 3)λg
4∂λ∂g2z
LL
m2
− [λ2a′(s)s+ λg2 (b(s) + b′(s)s) + g4 (2c(s) + c′(s)s)] (∂λ + λ∂
2
λ)z
LL
m2
0 = λ−1g2 (s∂2s + 2∂s) z
LL
Λ + (λ
2a(s)− g4c(s))
[
1
2
λ−1g2∂λ∂g2z
LL
Λ −
1
2
λ−2g2∂g2z
LL
Λ
]
− [λ2a′(s)s+ λg2 (b(s) + b′(s)s) + g4 (2c(s) + c′(s)s)] ∂2λz
LL
Λ
−(2N + 3)λg4∂λ∂g2z
LL
Λ + g
2(∂λz
LL
m2)∂g2z
LL
Λ − g
2(∂g2z
LL
m2)∂λz
LL
Λ .
(20)
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Although we do not have closed forms for zLLλ , z
LL
m2 and z
LL
Λ in the LL approximation,
it is easy to check that for the special cases N = 0 and N → ∞ there are no
logarithms in the z.’s. This is what we would expect since here we are dealing with
single scale problems.
Discussion
We have presented a modification of the EJ multiscale prescription where the
RG scales naturally track the logarithms present in the perturbation series for the
effective potential. This involves the attachment of independent RG scales to the
kinetic terms in the action rather than to the interaction terms. We have illustrated
our proposal using a simple two-scale Higgs-Yukawa model. It is straightforward to
apply this approach to other renormalizable theories 3.
As in the EJ prescription there are potentially large logarithms in the beta func-
tions. We have shown that the integrability condition for the two RG equations is
sufficient (in principle) to implement a large logarithms resummation on the beta
functions. However we have seen that even in the simple Higgs-Yukawa model, the
calculation of the LL beta functions is quite involved (one needs to solve the system
of ODE’s (18) to determine the iβ
LL
λ , while iβ
LL
m2 and iβ
LL
Λ require a solution of eqns.
(20)). An analytic or numerical solution of these equations would be helpful.
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